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Nonlocal Hamiltonian operators of hydro dynamic 

type with flat metrics, integrable hierarchies and 
g ■ the equations of associativity 1 

o 

(N 

g : O. I. Mokhov 

in 

q! 1 Introduction 

In this paper we solve the problem of describing all nonlocal Hamiltonian operators 
of hydrodynamic type with flat metrics and establish that this nontrivial special class 
of Hamiltonian operators is closely connected with the associativity equations of two- 
dimensional topological quantum field theories and the theory of Frobenius manifolds. 
It is shown that the Hamiltonian operators of this class are of special interest for many 
^. ■ other reasons too. In particular, we prove in this paper that any such Hamiltonian 

operator always defines integrable structural flows (systems of hydrodynamic type), 
^vq . always gives a nontrivial pencil of compatible Hamiltonian operators and generates 

integrable hierarchies of hydrodynamic type. It is proved that the affinors of any such 
Hamiltonian operator generate some special integrals in involution. The nonlinear 
systems describing integrals in involution are of independent great interest. The 
equations of associativity of two-dimensional topological quantum field theories (the 
Witten-Dijkgraaf-Verlinde-Verlinde and Dubrovin equations) describe an important 
special class of integrals in involution and a special class of nonlocal Hamiltonian 
operators of hydrodynamic type with flat metrics. It is shown that any iV-dimensional 
Frobenius manifold can be locally presented by a certain special flat N- dimensional 
submanifold with flat normal bundle in a 2iV-dimensional pseudo-Euclidean space 
and this submanifold is defined uniquely up to motions. We will devote a separate 
paper to the properties of this construction and to the properties of this special class 
of flat submanifolds with flat normal bundle (we mean the class corresponding to 
Frobenius manifolds). 

lr rhis work was supported by the Alexander von Humboldt Foundation (Germany), the Russian 
Foundation for Basic Research (Grant No. 03-01-00782), and the program of support for the leading 
scientific schools (Grant No. 2185.2003.1). 
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We recall that the general nonlocal Hamiltonian operators of hydrodynamic type, 
namely, the Hamiltonian operators of the form 

P ij = 9 ij (u(x))^+b^(u(x))ut+^e n (w n y k (u(x))u k x [£^ o(w n )i(u(x))u x , (1.1) 

where det(g* J (w)) 7^ 0, e n = ±1, 1 < n < L, to 1 , . . . ,u are local coordinates, u = 
(rz 1 , . . . , to"^), u l (x), 1 < i < N, are functions (fields) of one independent variable x, the 
coefficients g^(u), b k (u), (to> n )*(to), 1 < i, j, k < N, 1 < n < L, are smooth functions 
of local coordinates, were studied by Ferapontov in the paper jT] in connection with 
vital necessities of the Hamiltonian theory of systems of hydrodynamic type (see also 

0,0)- 

The Hamiltonian operators of the general form (|1.1|) (local and nonlocal) play a 
key role in the Hamiltonian theory of systems of hydrodynamic type. We recall that 
an operator P y is said to be Hamiltonian if the operator defines a Poisson bracket 

for arbitrary functionals I and J on the space of the fields u l (x), i.e. the bracket (jl.2|) 
is skew-symmetric and satisfies the Jacobi identity. 

It is proved in the paper [1] that the operator (jl.lj) is Hamiltonian if and only if 
g l i(u) is a symmetric (pseudo-Riemannian) contravariant metric and also the coeffi- 
cients of the operator satisfy the following relations: 

1) b % l (to) = — g ls (u)Tl k (u) , where T J sk (u) is the Riemannian connection generated 
by the contravariant metric g^(u) (the Levi-Civita connection), 

2) ^ fc (to)K)i(to) = ^ fc (to)K)|(to), 

3) Vfc(to„)*(to) = V,-(to> n )ji,(to), where Vfc is the operator of covariant differentiation 
generated by the Levi-Civita connection T 3 sk (u) of the metric g^(u), 

4) R%(u) = ELi? n (K)K«)K)i(«) - K)?'(«)K)|(to)) , where 

mu)=g ls (u)Ri kl (u) 

is the Riemannian curvature tensor of the metric g l ^{u), 

5) the family of tensors of type (1,1) (i.e., affinors) (to n )*(to), 1 < n < L, is 
commutative: [w n (u),w m (u)} = 0. 

A Hamiltonian operator of the form (Jl.lj) exactly corresponds to an iV-dimensional 
surface with flat normal bundle embedded in a pseudo-Euclidean space E N+L . Here, 



the covariant metric gij{u), for which gi S {u)g s i(u) = 8j, is the first fundamental form, 
and the affinors w n (u), 1 < n < L, are the corresponding Weingarten operators of this 
embedded surface (gi S (u)(w n ) S j(u) are the corresponding second fundamental forms). 
Correspondingly, the relations 2)-4) are the Gauss-Peterson-Codazzi equations for an 
N- dimensional surface with flat normal bundle embedded in a pseudo-Euclidean space 
E N+L p. The relations 5) are equivalent to the Ricci equations for this embedded 
surface. 

Taking into account the further applications to arbitrary Frobenius manifolds, we 
prefer to consider the general nonlocal Hamiltonian operators of hydrodynamic type 
in the form 

PV = ^'(M^jA + fty^^J^+^l; m„ (wJ . fcMx))u fc^ o( Wn )i(u(x))u S x , 

(1.3) 
where det(g lJ (u)) ^ 0, fi mn is an arbitrary nondegenerate symmetric constant matrix. 
It is obvious that considering linear transformations in the vector space of the affinors 
w n (u), 1 < n < L, i.e., changing in (J1.3J1 all the affinors w n {u) to c l n wi(u), where c l n 
is an arbitrary nondegenerate constant matrix, w n {u) = c l n wi(u), any operator of the 
form (J1.3J) can be reduced to the form ()1.1|) and conversely. Among all the condi- 
tions l)-5) for the Hamiltonian property of the operator (|1.1|) . these transformations 
change only the condition 4) for the Riemannian curvature tensor of the metric. The 
condition 4) for the operator (|1.3|) takes the form 

*8(«) = EEr ((™ m )i(u)(w n )i(u) - (w m )i(u)(w n y k (u)) , 

m=l n=l 

all the other conditions l)-3) and 5) for the Hamiltonian property do not change. 

We write all the relations for the coefficients of the nonlocal Hamiltonian operator 
(|1.3jl in a form convenient for further use. 

Lemma 1.1 The operator hl.ty is Hamiltonian if and only if its coefficients satisfy 
the relations 

g ij = g j \ (1.4) 

da ij 

^=^+^ (1-5) 

g-(w n )i=g> s (w n y s , (1.7) 



(w n y s (w m y 3 = (w m y s (w n y p (1.8) 

g^gJr^M _ g^k^^s = g^g^^L _ g^fa)}, (1.9) 






W m )i(Wn) k s ~ (W m ) j s (w n ) k r 



1.10) 



2 Pencil of Hamiltonian operators 



Let us consider the important special case of the nonlocal Hamiltonian operators of 
the form (|1.3|) when the metric g^(u) is flat. We recall that any flat metric uniquely 
defines a local Hamiltonian operator of hydrodynamic type (i.e., a Hamiltonian op- 
erator of the form (J1.3JI with zero affinors) or, in other words, a Dubrovin-Novikov 
Hamiltonian operator ,2j. In this paper, we prove that for any flat metric there 
is also a remarkable class of nonlocal Hamiltonian operators of hydrodynamic type 
with this flat metric and nontrivial affinors, and moreover, these Hamiltonian opera- 
tors have important applications in the theory of Frobenius manifolds and integrable 
hierarchies. 

First of all, we note the following important property of nonlocal Hamiltonian 
operators of hydrodynamic type with flat metrics. We recall that two Hamiltonian 
operators are said to be compatible if any linear combination of these Hamiltonian 
operators is also Hamiltonian 0], i.e., they form a pencil of Hamiltonian operators. 

Lemma 2.1 The metric g^(u) of a Hamiltonian operator of the form M.ty) is flat if 
and only if this operator defines in fact a pencil of compatible Hamiltonian operators 

PZm = K(g ij (u(x))^- + b«(u(x))u k 3 ) + 



dx 

-i 

o (w n )i(u(x))u s x , (2.1) 



+ ^EErwi(^))^^) 



where Ai and A2 are arbitrary constants. 

Proof. Actually, if the operator (jl.3j) is Hamiltonian, then its coefficients satisfy 
the relations (jl.4j) - (jl.l(J|) . It is obvious that in this case the relations (jl.4j) - (jl.9|) for 
the operator (|2.1j) are always satisfied for any constants Ai and A 2 , and the relation 



(|1.1U|) is satisfied for any constants Ai and A2 if and only if the left and the right parts 
of this relation are equal to zero identically. 

It follows from the relations (jl.4|) - (jl.6j) for the Hamiltonian operator (J1.3J) that 
the Riemannian curvature tensor of the metric g^(u) has the form 

&^~^) + ^^^^ ~ ^{u)b?{u). (2.2) 

Consequently, if the metric g l ^(u) of a Hamiltonian operator of the form (jl.3j) is flat, 
i.e., R l J k (u) = 0, then the relation (|1.10|) becomes 

E E V mn 9 ls ((w m )i(u)(w n ) k s (u) - (w m )i(u)(w n ) k r (u)) = 0. 

m=l n=l 

Thus, the metric g l -*(u) of a Hamiltonian operator of the form (jl.3j) is flat if and only 
if the left and the right parts of the relation (J1.10|) for the Hamiltonian operator (|1.3jl 
are equal to zero identically, and in this case the left and the right parts of the relation 
(jl.lOj) for the operator (J2.1J1 are also equal to zero identically for any constants Ai 
and A2, i.e., we get a pencil of compatible Hamiltonian operators (|2.1|) . Note also 
that for any pencil of Hamiltonian operators P%* Aa (J2.1J1 it follows immediately from 
the Dubrovin-Novikov theorem [2] for the local operator that the metric g l ^{u) is flat. 
Lemma 12. II is proved. 

Thus, if the metric g^(u) of a Hamiltonian operator of the form ()1.3|) is flat, then 
the operator 

P& = E E ^ mn (w m y k (u(x))u k x (-f) o {w n ){(u{x))u s x (2.3) 

m=ln=l \aX J 

is also a Hamiltonian operator, and moreover, in this case, this Hamiltonian operator 
is always compatible with the local Hamiltonian operator of hydrodynamic type (the 
Dubrovin-Novikov operator) 

P^ = 9 ij (n(x))^ + b^u(x))4. (2.4) 

The compatible Hamiltonian operators (|2.3jl and (|2.4jl always generate the corre- 
sponding integrable bi-Hamiltonian hierarchies. We construct these integrable hier- 
archies further in this paper. 



3 Integrability of structural flows 

We recall that the systems of hydrodynamic type 

ul = (w n )i(u)4, l<n<L, (3.1) 

are called structural flows of the nonlocal Hamiltonian operator of hydrodynamic type 
(USD (see H, 0). ' 

Lemma 3.1 For any nonlocal Hamiltonian operator of hydrodynamic type with a flat 
metric all the structural flows \3.1\) are always commuting integrable bi- Hamiltonian 
systems of hydrodynamic type. 

Proof. As was proved by Maltsev and Novikov in |3] (see also pQ), the structural 
flows of any nonlocal Hamiltonian operator of hydrodynamic type (jl.3j) are always 
Hamiltonian with respect to this Hamiltonian operator. Let us consider an arbi- 
trary nonlocal Hamiltonian operator of hydrodynamic type (J1.3J) with a flat metric 
g l i(u) and the pencil of compatible Hamiltonian operators (|2.1|) corresponding to this 
Hamiltonian operator. The corresponding structural flows must be Hamiltonian with 
respect to any of the operators of the Hamiltonian pencil (|2.1|) and, consequently, 
they are integrable bi-Hamiltonian systems. 

4 Description of nonlocal Hamiltonian operators 
of hydrodynamic type with flat metrics 

Let us describe all the nonlocal Hamiltonian operators of hydrodynamic type with 
flat metrics. 

The form of the Hamiltonian operator (jl.3j) is invariant with respect to local 
changes of coordinates, and also all the coefficients of the operator are transformed as 
the corresponding differential-geometric objects. Since the metric is flat, there exist 
local coordinates in which the metric is reduced to a constant form if\ rfi = const, 
det^ t^ 0, rfi = rf l . In these local coordinates all the coefficients of the Levi-Civita 
connection are equal to zero, and the Hamiltonian operator has the form: 

P ij = V ij ^ + E Jlr n ^ m Uu{x))u k x (J-^j o (w n )i(u(x))ul. (4.1) 



Theorem 4.1 The operator \4-l\j , where rfi and fi mn are arbitrary nondegenerate 
symmetric constant matrices, is Hamiltonian if and only if there exist functions ijj n (u), 
1 < n < L, such that 

du s dui 
and also the following relations are fulfilled: 



^n)){u) = r^h, (4.2) 



N N d 2 ^b- d 2 ib, N N d 2 tb h d 2 tb- 

V^ V^ ran u rj u fk _ V^ V^ mn u rk u W 3 ,. g\ 

ii^i du i du m du n du l ^^ d^d^d^du 1 ' K ' } 

L L d 2 ib d 2 ib L L d 2 ib <9 2 ?/; 

\p \p mn " fa u rn _ V^ V^ mn "fa u Vn ,. ,x 

£±Xt^\ du l duidu k du l ^£1 &u i du k &tfdu 1 ' { ' } 

Proof. The relations (|1.4p — (|1.6j) for any operator of the form (|4.1j) are automati- 
cally fulfilled, and the relation f)1.9|) for any operator of the form (J4.1J) has the form 

d(w n )r = d(w n ) k s 
du s du r 

and, consequently, there locally exist functions f n (u), 1 < i < N, 1 < n < L, such 
that 

(«„)}(«) = §J- (4.6) 



The relation f)1.7|) becomes 
or, equivalently, 



*.M = ^M (4.7) 

aw 5 aw s 

where ^ is the matrix that is the inverse of the matrix rf^\ ri is ri s i = 5|. It follows 
from the relation (|4.8|) that there locally exist functions ijj n (u), 1 < n < L, such that 

Thus, 

*=^. (-);■(«) =v^. (4.io) 

In this case the relations (|1.8|) and (jl.lUJl become (|4.3|) and (J4.4J1 respectively Theorem 
is proved. 
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Corollary 4.1 If the functions ip n (u), 1 < n < L, are a solution of the system of the 
equations \4-3\ ), \4-4\) , then the systems of hydrodynamic type 

u\ = v is J^^ui, Kn<L, (4.11) 

tn du s dui x y ' 

are always commuting integrable bi-Hamiltonian systems of hydrodynamic type. More- 
over, in this case the operator 

M? = ± ± *"W^ {£)\ ^< (4,2, 

is also a Hamiltonian operator, and also this Hamiltonian operator is always compat- 
ible with the constant Hamiltonian operator 

M ^ = rf3 Tx' (413) 

In arbitrary local coordinates we obtain the following description of all nonlocal 
Hamiltonian operators of hydrodynamic type with flat metrics. 

Theorem 4.2 The operator M.'-fy with a flat metric g^(u) is Hamiltonian if and 
only ifb k (u) = —g iS (u)Tl k (u), where T 3 sk (u) is the flat connection generated by the 
flat metric g tJ (u), and there locally exist functions $ n (w), 1 < n < L, such that 

{w n )){u) = V'V^n, (4.14) 

and also the following relations are fulfilled: 

N N 

E V"V^V„V,$ fc = E VViSjfcVnV,^-, (4.15) 

n=l n=l 

L L L L 

E E /i m "V l V J $ m V fe V^„ = E E M mn V i V ifc $ m V i V^ n , (4.16) 

m=l 71=1 m=l n=l 

where Vj is the operator of covariant differentiation defined by the flat connection 
T l - k (u) generated by the metric g^(u), V* = g* s (u)V s . In particular, in this case the 
operator 



d 

dx 



Ml M = A: g ij (u(x))- - g ls (u(x))Ti k (u(x)) u k x ) + 



+ A 2 E E /i mn V*V fc $ m ^ (-f) o V J V s $ n 
^i^i \ dx J 



< (4.17) 



is a Hamiltonian operator for any constants \\ and A2, and the systems of hydrody- 
namic type 

u\ n = V%$X, 1 < n < L, (4.18) 

are always commuting integrable bi- Hamiltonian systems of hydrodynamic type. 

5 Integrable hierarchies 

Let us consider the recursion operator R l - corresponding to the compatible Hamilto- 
nian operators (|4.12|) and (J4.13J) : 

*j = (M im -% = tt^r^ui (ff o |^< (A)" 1 . (5 ,) 

Let us apply the constructed recursion operator (J5-H1 to the system of translations 
with respect to x, i.e., to the system 

4 = u\. (5.2) 

Any system in the hierarchy 

< = (#)««£, « e Z, (5.3) 

is a multi-Hamiltonian integrable system of hydrodynamic type. In particular, any 
system of the form 

< = #X, (5-4) 

i.e., the system 

L L 



< - £ £ m™V>^ (1) ~ ° ^X, (5-5) 



is integrable. 
Since 



( d 2 j> n A = gy„ ^ ay n = _d_ / <9 2 Vy, 



<9w r \duWu s J duWu s du r du r du s du s \duWu r J ' 

there locally exist functions F n (u), 1 < n < L, such that 

d> ^ = ^ F n = ^V - ^- (5.7) 

duWu s du s ' du-?' 
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Thus, the system of hydro dynamic type (|5.5|) has a local form: 

<=EEc-««)^. (5.8) 

m=ln=l uu ua 

This system of hydrodynamic type is bi-Hamiltonian with respect to the compatible 
Hamiltonian operators (J4.12)) and (|4.1H|) : 



'■ - V V AV ^ a* f— V 1 f ^" -^ 5Hl \ (5 9) 



L L 

u 

m=l n=l 



H\ = I h\(u{x))dx, hi(u(x)) = -r/ijU 1 (x)u 3 (x) , (5.10) 

<=^S«^- * = /*■<"<*»*■ (WD 

since in our case there always exists locally a function /i 2 (w) such that 



Actually, we have 



_L >P V^ ,,™ ^ m "" — V* V^ </ mn ^ m F fii^ -4- 

,y y mn *? "yrra O Wn ^ _ y^ y^ mn_^m_^ / \ , 

^ 1 ~ l du 3 du k di^dii 1 * ^ 1 ~ l du i duWu k 

+ ^^ mn duW^du k du^ u% (5 ' 13) 

where we have used the relation (|4.4jl . Consequently, by virtue of symmetry with 
respect to the indices i and j we obtain 

I Mr^t^) - h (i±r£t FM ) • (5 - i4) 
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i.e., there locally exist functions a k {u), 1 < k < N, such that 

duWu k nK ' dlP 



EEr^(n)^. (5.15) 

m=l n=l 



By virtue of symmetry with respect to the indices j and k we get 

da k ddj 
dui du h ' 

i.e., there locally exists a function /^(/u) such that 



(5.16) 



a *( u ) = id:- (5.17) 



du k ' 

Thus, 

1 ' m d 2 ^ m ^ . . da k d 2 h 



£5/"" duwZ kFM dvP duWu k ' (5 '^ 



Consider the following equation of the integrable hierarchy (J5.3J) . 



u 



t-> 



2 V„i 



TO* 

y y mn ip ^ m fe M _1 _#V^ s /_d_\ - 1 , r _d ttf 2 

Z^ Z^ ^ '/ a„,„A,rx j~ »,,,•»,,>"« ^ '' . 



,,, i /r _| du p du k x \dx J duidu s x \dx J dx5u r (x) 

hlhx duPdu kUx \dx) duWu° UxV dW" [b - iy) 

We prove that in our case there always exist locally functions G n (u), 1 < n < L, 
such that 

9V„ ir dh2 = dGn (5 2Q) 

du^du s du r du s 
Actually, we have 

d ( d 2 ip n jr dh 2 \ d 3 ip n jr dh 2 , d 2 ip n , <9 2 /i 2 
I - — — — rr t; — = ~ — r- — - — n J — \- - — — 7r 



<9w p \duidu s du r ) du^du s du p du r duWu s du r du p 
d^ n jr dh 2 t d 2 ^ n ?> /A^ kl d 2 tfj k T?( \ 



du : >du s du p du r du j du s \ k ^ 1 f^ l du r du p 



y r 



£)„,r Z^i Z^i ^ I a,,sft,,i a,,rA„B 1V y 



duidu s du p du r f=ii=i du s dui du r du p 
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duidu s duP V dvl ?<,, V du s dui du r duP lK ' 
fe=i (=i 



d 3 ip n ir dh 2 



7 + EE/V r T- 7 - 7 -T-^H, (5-21) 



duidu s du p du r k=ii=i du s dif duidv? 

where we have used the relation (|4.3jl and the symmetry of the matrix if r . Therefore, 
it is proved that the expression under consideration is symmetric with respect to the 
indices p and s, i.e., 

9 (S$^^\=JL(S£^?!*\. (5.22) 



dvP \duWu s du r ) du s \duWvP du r 

Consequently, there locally exist functions G n (u), 1 < n < L, such that the relation 
(|5.2(J|) is fulfilled, and therefore, it is proved that the second flow of the integrable 
hierarchy (|5.3|) has the form of a local system of hydrodynamic type 

<=EEA*G.W^. (5.23) 

Repeating the foregoing arguments exactly, we prove by induction that if the 
functions ip n (u), 1 < n < L, are a solution of the system of equations (|4.3j) . ()4.4|) . then 
for any s > 1 and for the corresponding function h s (u(x)) (starting from the function 
hi(u(x)) = \r}iiV?(x)ui{x)) there always exist locally functions Fjf\u), 1 < n < L, 
such that 

dutdvP du r duP ' v ' ' 

and there always exists locally a function h s +i{u(x)) such that 

l L pp , pp 

1 ^ m Fj s \u) = —. r 
duidu k n du^du k 



EEr^w = &. (5.25) 



m=l n=l 



Above we have proved that this statement is true for s = 1 (in this case, in particular, 
F}p = F n , F^ = G n ). In just the same way it is proved that if this statement is 
true for s = K > 1, then it is true also for s = K + 1 (see (fPSjI - fjPSj) and ([FTTT]l . 
(J5.22J) ). Thus, it is proved that for any s > 1 the corresponding flow of the integrable 
hierarchy (|5.3|) has the form of a local system of hydrodynamic type 

< = EEA^'W^. (5-26) 

12 



All the flows of the hierarchy (|5.3|) are commuting integrable bi-Hamiltonian systems 
of hydro dynamic type with an infinite family of local integrals in involution with 
respect to both the Poisson brackets: 

< = M iJ^h = K.^li- H s = J h s (u(x))dx, (5.27) 



u t 



M 2J^rr = {u\H s+1 } 2 , H s+1 = J h s+1 {u{x))dx, (5.2? 



{H p , H r } 1 = 0, {H p , H r } 2 = 0, (5.29) 

and the densities of the Hamiltonians h s (u(x)) are related by the reccurences (J5.24J) . 
()5.25|) . which are always resolvable in our case. 

6 Locality and integrability of Hamiltonian 
systems with nonlocal Poisson brackets 

Let the functions ip n (u), 1 < n < L, be a solution of the system of equations (J4.H|) . 
(14 .4j) . i.e., in particular, the nonlocal operator M\ ] ()4.12)1 is Hamiltonian. Let us 
consider the Hamiltonian system 

< = M[ 1 /-- (6.1) 

bu 3 (x) 

with an arbitrary Hamiltonian of hydrodynamic type 

H= I ' h(u(x))dx. (6.2) 



As was proved by Ferapontov in pp, a Hamiltonian system with a nonlocal Hamilto- 
nian operator of hydrodynamic type (|l.lj) and a Hamiltonian of hydrodynamic type 
is local if and only if the Hamiltonian is an integral of all the structural flows of 
the Hamiltonian operator. This statement is also true for Hamiltonian operators of 
the form ()2.3|) . and, moreover, generally for any weakly nonlocal Hamiltonian op- 
erators (see |5). We prove that for the nonlocal Hamiltonian operators My (j4.12|) 
constructed in this paper this condition for Hamiltonians is sufficient for integrability, 
i.e., all local Hamiltonian systems (JbM)) . (J6.2J) are integrable bi-Hamiltonian systems. 
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Lemma 6.1 The system 16'. 1)) . \6.ty) is local if and only if the density h(u(x)) of the 
Hamiltonian satisfies the equations 

d^ n ^ r d 2 h = d 2 ^ n ^ r d 2 h (6 3) 



duWu s du r du p duWu p du r du s 
Proof. Consider a Hamiltonian system (JbM)) . (J6.2J) : 

l ~ l M{x)-tih dupdu^[dx) \ v du^du^dvPj- {bA} 

The system (16.4)1 is local if and only if there locally exist functions P n {u), 1 < n < 
L, such that 

d 2 %l) n , r dh dP n 

V J li-z = a-r, (6-5) 



duidu 3 du r du s ' 
i.e., if and only if the consistency relation 

d ( d 2 tfj n Jr dh_\ _d_ ( d 2 ^ n ,,. oi, 



.rf* = -^rf r (6.6) 

du p \du J du s du r J du s ydu^duP du r J 
is fulfilled. Then the system (16. 4|) takes a local form 

The consistency relation (J6.6J) is equivalent to the equations (16. 3 j) . 

Theorem 6.1 If a Hamiltonian system \6.1)) . \6.fy) is local, i.e., the density h{u{x)) 
of the Hamiltonian satisfies the equations \6.ty) . then this system is integrable. 

Proof In this case the system (16. 1|) . ()6.2|) takes the form (J6.7)) . (J6.5J) . Let us prove 
that there always exists locally a function f(u) such that 

L L Q2^ a2f 



„. , ., , duWu k " duWu k 



Actually, we have 



— I V V u mn - ^ m P (u)\ = V V u mn - ^ m P (u) + 

dui^tx dv?du knW ) ,hh du*duWu kn[) + 

14 



L L B 2 %b BP L L B z ib 

_l V V i, mn Vrn n - V V n mn Vm P (ni\ 4- 

hxhx dv?du*dui hxh du>duWu^ n[U) + 
L L B 2 ib B 2 ib Bh L L B 3 ib 

+ y^ y^ u mn ^ m ^ n ri pr = y^ y^ u mn ^ m p ( u \ _i_ 

i'lti duW^d^duP 1 du r ^^i du i duWu k nK } 

L L d 2 ib B 2 ib Bh 

4. V V u mn Vm Vn n pr (6 Ql 

^i^i dvPdvidvtdv? 1 du r ' { ' 

where we have used the relation (|4.4|) . Consequently, by virtue of symmetry with 
respect to the indices i and j we get 

i.e., there locally exist functions bk{u), 1 < fe < N, such that 

By virtue of symmetry with respect to the indices j and k we get 

Bb k dbj 



dui Bu k ' 
i.e., there locally exists a function f(u) such that 



(6.12) 



b k (u) = ^L. (6.13) 

Thus, 

L L B 2 ib Bbu B 2 f 

i^/ W&u k nW dv? dvPdvf [ ' 

Consequently, the system ()6.1|1 . (J6.2J) in the case under consideration can be presented 

in the form 

B 2 f ()F t 

u\ = rfi—L-ul = M l 2 j —— } F = / f(u)dx, (6.15) 

* ' dv?du k x 8vP{x) J 

i.e., it is an integrable bi-Hamiltonian system with the compatible Hamiltonian op- 
erators M\ j (14321 and M l 2 j (J4~T3j) . 
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7 Systems of integrals in involution 

The nonlinear equations of the form (|4.3[1 and ()6.3|) are of independent interest, they 
have an important significance and very natural interpretation. 

Lemma 7.1 The nonlinear equations \4-^ are equivalent to the condition that the 
integrals 

^n = J ip n (u{x))dXi l<n<L, (7.1) 

are in involution with respect to the Poisson bracket given by the constant Hamiltonian 
operator M^ 3 (|^.iff| ): 

{^ n ,^ m } = 0. (7.2) 

Proof. Actually, we have 

|W n ,W m )-y ^.r) dxduJ dx-J du .r) du]duk u x dx. {(.6) 

Consequently, the integrals are in involution, i.e., 

{^ n ,^ m } = 0, (7.4) 

if and only if there exists a function S nm (u) such that 

chpn a d 2 t(j m _ dS nm 
du 1 du^du k du k 

i.e., if and only if the consistency relation 

_d_ (Wn a gVm \ = _d_ (Wn a d 2 ip m \ 
du 1 \du l duidu k ) du k \du l du^du 1 J 

is fulfilled. The consistency relation (|7.6|) is equivalent to the equations (|4.3|) . 
It is proved similarly that the equations (|6.3|) are equivalent to the condition 

{V n ,H} = 0, H = f h(u(x))dx. (7.7) 

We note that the equations (J4.15J) are equivalent to the condition that L integrals 
are in involution with respect to an arbitrary Dubrovin-Novikov bracket (a nonde- 
generate local Poisson bracket of hydrodynamic type). 
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Corollary 7.1 The hamiltonian system \6.1\) . I6'.ij|) is local if and only if it is gen- 
erated by a family of L + 1 integrals in involution with respect to the Poisson bracket 
given by the constant Hamiltonian operator M 2 (|^.iff| ): 

%n= [ if> n (u(x))dx, l<n<L, H = J h(u(x))dx, {^ n ,^ m } = 0, {V n ,H} = 0. 

(7.8) 
In this case the system \6.1)) . \6.fy) is an integrable bi-Hamiltonian system. 

The important special class of integrals in involution is generated by the equations 
of associativity of two-dimensional topological quantum field theory. 

Lemma 7.2 A function ^(u 1 , ...,u N ) generates a family of N integrals in involution 
with respect to the Poisson bracket given by the constant Hamiltonian operator M 2 

I n = J ^{u(x))dx, {I n , I m } = 0, 1 < n, m < N, (7.9) 

if and only if the function $(«) is a solution of the equations of associativity in two- 
dimensional topological quantum field theory 

y y j,™ — JLz SLz — = y y v mn — Jlz. l Lz — . (7.10) 

n ^ 1 ~ l du l du j du m du n du k du l ^ 1 ~ i du l du k du m du n duWu l 

8 Flat submanifolds with flat normal bundle, 
Hessians and nonlocal Poisson brackets 

The nonlinear equations (|4.3|) and f|4.4|) describing all nonlocal Hamiltonian operators 
of hydrodynamic type with flat metrics are exactly equivalent to the conditions that 
a flat iV-dimensional submanifold with flat normal bundle, with the first fundamen- 
tal form 7]ijdu l du^ and the second fundamental forms uj n (u) given by Hessians of L 
functions ip n (u), 1 < n < L: 

d 2 ijj n 
u n {u) = - . n . du % du 3 , 
otfou 3 

is embedded in an (N + L)-dimensional pseudo-Euclidean space. In particular, the 
equations ()4.4|) are the Gauss equations for this case, and the equations (|4.H|) are the 
Ricci equations (the Peterson-Codazzi-Mainardi equations are fulfilled automatically 
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in this case). By the Peterson-Bonnet theorem, any solution ip n (u), 1 < n < L, of 
the nonlinear system of equations (|4.3|) and (|4.4j) defines a unique up to motions 
iV-dimensional submanifold with flat normal bundle, with the first fundamental form 
rjijdu l du^ and the second fundamental forms u) n {u) given by Hessians of the functions 
i/j n (u), in the (N + L)-dimensional pseudo-Euclidean space. 

Let us consider an arbitrary iV-dimensional flat submanifold with flat normal 
bundle in an (N + L)-dimensional pseudo-Euclidean space. Let gij{u)du l dui be the 
first fundamental form of this flat submanifold. Then the following corollary of the 
theory of submanifolds and the Bonnet theorem is true. 

Lemma 8.1 There locally exist functions & n (u), 1 < n < L, such that the second 
fundamental forms of the submanifold under consideration have the form 

tt n (u) = ViVj^nditdtf, (8.1) 

where V; is the operator of covariant differentiation defined by the Levi-Civita con- 
nection of the metric gij{u). In this case the functions $n(ii), 1 < n < L, sat- 
isfy the Ricci equations (|^.i5| ) and the Gauss equations H4-16] ) for submanifolds (the 
Peterson-Codazzi-Mainardi equations are fulfilled automatically in this case). Any 
solution of the system of equations fl^.i<5| ) and J^ . i 6| ) defines a unique up to mo- 
tions N -dimensional submanifold with flat normal bundle, with the first fundamental 
form gij{u)du % du^ and the second fundamental forms Vt n {u) \8.1\) . in the (N + L)- 
dimensional pseudo-Euclidean space. 

9 Equations of associativity and nonlocal 
Poisson brackets 

Here, we show that the class of nonlocal Hamiltonian operators of hydrodynamic 
type with flat metrics is nontrivial and describe a rich and important family of op- 
erators of this class. This family is generated by the equations of associativity of 
two-dimensional topological quantum field theory. 

Although the relations (J4.3J) and (|4.4|) differ essentially, they are very similar, 
and the case of the natural reduction when the relations (j4.3|) and ()4.4|) simply co- 
incide is of particular interest. Such reduction immediately leads to the equations of 
associativity of two-dimensional topological field theory. 

In fact, the relations (|4.3|) and (J4.4J) coincide if L = N, [i mn = rf 111 (or, for 
example, /i mn = c?7 mn , where c is an arbitrary nonzero constant) and there exists a 



function $(w) such that ip n = d$/du n for all n. In this case both the relations (|4.3|) 
and (J4.4)) coincide with the equations of associativity of two-dimensional topological 
field theory for the potential $(m) f)7.10j) . 

Thus, any solution $(u) of the equations of associativity (j7.10|) . which are, as is 
well known, consistent, integrable by the method of the inverse scattering problem 
and possess a rich set of nontrivial solutions (see jHj), defines a nonlocal Hamiltonian 
operator of hydrodynamic type with a flat metric: 

d N N <9 3 <J> / d \ _1 r5 3 <$> 
j}i = n y_ + W n mn n ip n jr — u k — o — — u s (9 1) 

V dx + ^^ V V V duVdu™du kX \dx) dWd^Ou**' [ j 

and, moreover, defines a pencil of compatible Hamiltonian operators: 

d N N (9 3 <J> / d \ _1 <9 3 <$> 

where Ai and A2 are arbitrary constants. In particular, if the function $(w) is an 
arbitrary solution of the equations of associativity (j7.10|) . then the operator 

.. N n q3§ k { d\~ X <9 3 $ 

L ^ = £ £ fW W^ Ul (^ J ° durdu»d* U °* (9 - 3) 

is a Hamiltonian operator compatible with the constant Hamiltonian operator 

L[ J fi = V iJ ^- (9.4) 

Therefore, for any solution of the equations of associativity (J7.1UJ1 we obtain the 
corresponding integrable hierarchies (see Section |3J). 

The metric rfi always defines a nondegenerate invariant symmetric bilinear form 
in the corresponding Frobenius algebras, namely, commutative associative algebras 
A(u) in an N- dimensional vector space with a basis e\, . . . , e^ and the multiplication 
(see jU]) 

e - te ^' r 'a^mP e - (9 - 5) 

< ei, ej >= rjij, < ei * ej, e k >=< e», ej * e k > ■ (9.6) 

In this case the condition of associativity 

(e { * e^ *e k = e { * (ej * e k ) (9.7) 
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in the algebras A(u) is equivalent to the equations (|7.1U|) . We recall (see Dubrovin, 
jH]) that locally on the tangent space in every point of any Frobenius manifold there 
is a structure of Frobenius algebra (|9.5jl . ()9.6|) . (|9.7jl defined by a certain solution of 
the equations of associativity (J7.10J1 and depending on the point smoothly (besides, it 
is also required the fulfilment of additional conditions on Frobenius manifolds but we 
do not consider these conditions here; roughly speaking, it is required the presence 
of a unit and the quasihomogeneity) . Thus, for every Frobenius manifold there are 
nonlocal Hamiltonian operators of the form ()9.1|) and pencils ()9.2|) connected to the 
manifold. 

We have considered the nonlocal Hamiltonian operators of the form (|1.3|) with 
flat metrics and came to the equations of associativity defining the affinors of such 
operators. A statement that is in some sense the converse is also true, namely, if all 
the affinors w n of a nonlocal Hamiltonian operator (J1.3J1 with L = N are defined by 
an arbitrary solution $(«) of the equations of associativity 

N N o 3$ Q3 $ N N o 3$ n3 $ 

y^ y^ u mn = y^ y^ u mn o 8) 

^ 1 ~ 1 du l duWu m du n du k du l ~ v ^ 1 du l du k du m du n duWu l 

by the formula 

d 3 $ 

where ( ls , £J are arbitrary nondegenerate constant matrices, then the metric of this 
Hamiltonian operator must be flat. But, in general, it is not necessarily that this 
metric will be constant in the local coordinates under consideration. 

The structural flows (see pQ, [5]) of the nonlocal Hamiltonian operator (|9.1jl have 
the form: 

i is d 3$ k 

U%t - = ^ dWdu^du^' (9 ' 9) 

These systems are integrable bi-Hamiltonian systems of hydrodynamic type and coin- 
cide with the primary part of the Dubrovin hierarchy constructed by any solution of 
the equations of associativity in [6 . The condition of commutation for the structural 
flows (|9.9j) is also equivalent to the equations of associativity (|7.1()|) . 

From the consideration of the previous Section we have that by the Peterson- 
Bonnet theorem any solution $(w) of the equations of associativity (|7.10JI defines a 
unique up to motions iV-dimensional submanifold with flat normal bundle, with the 
first fundamental form rjijdu 1 du^ and the second fundamental forms 

^ (M) = du-duW duW 
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given by the potential $(«), in a 2iV-dimensional pseudo- Euclidean space. Here 
the signature of the ambient pseudo-Euclidean space is completely defined by the 
signature of the metric r]ij. In this case the equation of associativity coincides with 
both the Gauss equation and the Ricci equation of the embedded submanifold. Thus, 
a special class of flat iV-dimensional submanifolds with flat normal bundle in a 2N- 
dimensional pseudo-Euclidean space locally corresponds to iV-dimensional Frobenius 
manifolds. 

A great number of concrete examples of Frobenius manifolds and solutions of the 
equations of associativity is given in Dubrovin's paper . Here we do not give a great 
number of examples and an explicit form of the corresponding Hamiltonian operators, 
flat submanifolds and integrable hierarchies to save place and consider only one simple 
example from 6J as an illustration. Let N = 3 and the metric rjij be antidiagonal 



(Vi 




(9.10) 



and the function $(V) has the form 



$(«) = hu 1 ) V + -u\ti 2 ) 2 + f(u 2 , u 3 ). 



In this case e\ is the unit in the Frobenius algebra (|9.5|) . (J9.6J) . (|9.7jl . and the equation 
of associativity (|7.1()jl for the function $(«) is equivalent to a remarkable integrable 
equation of Dubrovin for the function f(u 2 ,u 3 ): 



d 3 f 



d 3 f 



d 3 f d 3 f 



d(u 3 ) 3 \d(u 2 ) 2 du 3 ) d(u 2 ) 3 du 2 d(u 3 y 



(9.11) 



This equation is connected to quantum cohomology of projective plane and classical 
problems of enumerative geometry (see [7]). In particular, all nontrivial polynomial 
solutions of the equation (J9.1H1 that satisfy the requirement of the quasihomogeneity 
and, consequently, locally define a structure of Frobenius manifold are described by 
Dubrovin in jHj: 

/ = \{u 2 )\u 3 ) 2 + 1( M 3 ) 5 , / = \{u 2 ) V + \{u 2 ) 2 {u 3 f + ^(u 3 Y, (9.12) 



1 



1 



2\2/„ ,3-\5 



/ = > 2 ) vr + ^(« 2 ) vr + ^oo 



,3\11 



6 



20 



3960 



(9.13) 
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As is shown by the author in [S] (see also [0]), the equation (|9.11|) is equivalent to 
the integrable nondiagonalizable homogeneous system of hydrodynamic type 





(9.14) 
d 3 f , d 3 f d 3 f 



(9.15) 



d(u 2 ) 3 d(u 2 ) 2 du 3 du 2 d{u 3 ) 2 

In this case the affinors of the nonlocal Hamiltonian operator ()9.1|) have the form: 





(w 1 y j (u) = 5* j , {w 2 )){u)= 1 a b \, (w 3 ) l j (u)=\ 6 c |. (9.16) 
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